Let V be a rank one discrete valuation ring (DVR) on a field F and let L/F be a finite separable algebraic field extension with [L : F ] = m. The integral closure of V in L is a Dedekind domain that encodes the following invariants: (i) the number s of extensions of V to a valuation ring W i on L, (ii) the residue degree f i of W i over V , and (iii) the ramification degree e i of W i over V . These invariants are related by the classical formula m = s i=1 e i f i . Given a finite set V of DVRs on the field F , an m-consistent system for V is a family of sets enumerating what is theoretically possible for the above invariants of each V ∈ V. The m-consistent system is said to be realizable for V if there exists a finite separable extension field L/F that gives for each V ∈ V the listed invariants. We investigate the realizability of m-consistent systems for V for various positive integers m. Our general technique is to "compose" several realizable consistent systems to obtain new consistent systems that are realizable for V . We apply the new results to the set of Rees valuation rings of a nonzero proper ideal I in a Noetherian domain R of altitude one.
The integral closure R ′ of R is a Krull domain, so W = R ′ p is a DVR for each minimal prime p of t −1 R ′ , and V = W ∩ F , where F is the field of fractions of R, is also a DVR.
The set Rees I of Rees valuation rings of I is the set of DVRs V obtained in this way, cf. and each Rees integer of I is one, then I is a projectively full radical ideal. 1 A main goal in the papers [1] , [2] , [3] , [4] , [9] and [10] , is to answer the following question: (a) b i V j = IV j (= N j e j , say) for i = 1, . . . , g and j = 1, . . . , n.
(b) the greatest common divisor c of e 1 , . . . , e n is a unit in R.
(b ′ ) the least common multiple d of e 1 , . . . , e n is a unit in R.
Then the main result in [3] establishes the following: We prove in [9, (3.19) and (3.20) ] that if either (i) R contains an infinite field, or (ii) R is a local ring with an infinite residue field, then it is possible to choose generators b 1 , . . . , b g of I that satisfy assumption (a) of Theorem 1.2. Thus the following result, [9, (3.7) ] , applies in these cases. Examples [9, (3.22) and (3.23) ] show that even if R is the ring Z of rational integers, condition (b ′ ) of Theorem 1.3 is needed for the proof given in [9] . Theorem 1.4 is the main result in [10] .
Theorem 1.4 Let I be a nonzero proper ideal in a Noetherian integral domain R.

There exists a finite separable integral extension domain A of R and a positive integer
m such that all the Rees integers of IA are equal to m.
If R has altitude one, then there exists a finite separable integral extension domain
A of R such that P(IA) contains an ideal H whose Rees integers are all equal to one. Therefore H = Rad(IA) is a projectively full radical ideal that is projectively equivalent to IA.
Observe that Theorem A classical theorem of Krull, stated as Theorem 2.1 below, is an important tool in the present paper and in [10] . We use the following terminology from [7] and [10] . (c) The residue field V i,j /N i,j of V i,j is K i -isomorphic to K i,j , so [K i,j : K i ] = f i,j , and the ramification index of V i,j over V i is e i,j , so N i V i,j = N i,j e i,j .
If S and L are as above, we say the field L realizes S for {V 1 , . . . , V n } or that L is a realization of S for {V 1 , . . . , V n }.
Let V = {V 1 , . . . , V n }, n > 1, be a finite set of distinct DVRs on the field F . In this paper we explore various facets of the realizability of consistent systems for V. If S = {S(V 1 ), . . . , S(V n )} is an m-consistent system for V, realizable or not, we prove in Theorem 2.3 (resp., Theorem 2.7) that by uniformly increasing the ramification indices (resp., finite-residue-field degrees) by the factor m the resulting system is a realizable m 2 -consistent system for V. The proofs involve composing two related realizable consistent systems.
Let M 1 , . . . , M n , n > 1, be distinct maximal ideals of the Dedekind domain D and let
Then by composing two related systems we prove in Theorem 3.3 that the e 1 · · · e n -consistent system
L of S for V, and if N i,1 , . . . , N i,e i are the maximal ideals in E that contain
, so IE = (Rad(IE)) e 1 ···en is a radical power ideal in the sense that it is a power of its radical. We also prove a theorem analogous to Theorem 3.3 for each nonzero proper ideal in an arbitrary Noetherian domain of altitude one. Proposition 3.13 characterizes the conditions a realizable m-consistent system S ′ for V must satisfy to insure that IE = (Rad(IE)) t for some positive integer t, where E is the
Under the hypothesis that each residue field D/M i is finite, we prove in Section 4 that every consistent system T = {T (D M 1 ), . . . , T (D Mn )} of the following form is realizable for
. . , n; here the f i are arbitrary positive integers for which [D/M i :
. . , n and each j = 1, . . . , f i . Under the same hypothesis on the D/M i , we establish in Section 4 finite-residue-field degree analogs of some of the other results in Section 3.
Under the hypothesis that each residue field D/M i is finite, we prove in Section 5 that every consistent system U = {U (D M 1 ), . . . , U (D Mn )} of the following form is realizable for
where the e i and f i are as in Sections 3 and 4, respectively. Therefore if E is the integral closure of D in a realization L of U for V and if N i,j , . . . , N i,e i f i are the maximal ideals in E that contain M i , then IE = (Rad(IE)) e 1 ···en and [(E/N i,j ) :
. . , n and each j = 1, . . . , e i f i .
Our notation is mainly as in Nagata [12] , so, for example, the term altitude refers to what is often also called dimension or Krull dimension, and a basis of an ideal is a set of generators of the ideal.
2 The realizability of m-consistent systems.
To prove the main results in this section, we use the following theorem of Krull. 
(iii) For each monic polynomial X t + a 1 X t−1 + · · · + a t with a i ∈ ∩ n i=1 V i = D, and for each h ∈ N, there exists an irreducible separable polynomial
with b l − a l ∈ N i h for each l = 1, . . . , t and i = 1, . . . , n.
Observe that condition (i) of Theorem 2.1 is a property of the m-consistent system S = {S(V 1 ), . . . , S(V n )}, whereas condition (ii) is a property of the family of DVRs with quotient field F , and condition (iii) is a property of the family (
The result of Krull stated in Theorem 2.1 is a generalization of a classical result of Hasse [8] which shows that all m-consistent systems for a given finite set of distinct DVRs of an algebraic number field F are realizable. This has been extended further by P. Ribenboim, O. Endler and L. C. Hill, among others. For a good sampling of these results on when an m-consistent system is realizable, see [5, and [6] . These references give several sufficient conditions on the realizability of an m-consistent system for a given finite set V = {V 1 , . . . , V n } of distinct DVRs V i with quotient field F . N 1 ) , . . . , (V n , N n ), n > 1, be distinct DVRs with quotient field F , let m > 1 be a positive integer, and let S = {S(V 1 ), . . . , S(V n )} be an arbitrary m-consistent sys-
Proof. If s i = 1 for some i = 1, . . . , n, then Theorem 2.1(i) implies that S is a realizable m-consistent system and S * is a realizable m 2 -consistent system for {V 1 , . . . , V n }, so it may be assumed that s i > 1 for each i = 1, . . . , n.
be the valuation rings of L 1 that lie over V i . It follows from the prescription of S 1 that there are exactly s i such rings for i = 1, . . . , n − 1 and exactly one such ring for i = n. Also,
. . , n − 1 and j = 1, . . . , s i , and where
Thus S 2 (W n,1 ) is essentially equal to S(V n ). It is readily checked that S 2 is an m-consistent system for W := {W 1,1 , . . . , W n−1,s n−1 , W n,1 }, and by Theorem 2.1(i) it is realizable for W.
Let L be a realization of S 2 for W. Thus L is a separable algebraic extension field of L 1 of degree m, and hence a separable algebraic extension field of F of degree m 2 . Moreover, for i = 1, . . . , n − 1 and j = 1, . . . , s i there exists a unique valuation ring (U i,j , P i,j ) of L that lies over W i,j , and
On the other hand, for i = n there are exactly s n valuation rings (U n,j , P n,j ) that lie over (W n,1 , N n,1 ), and for j = 1, . . . , s n , U n,j /P n,j is (W n,1 /N n,1 )-isomorphic to K n,j , and
and N n,1 U n,j = P n,j e n,j , so N n U n,j = P n,j me n,j . It therefore follows that L is a realization of the m 2 -consistent system
Remark 2.4 Fix g ∈ {1, . . . , n − 1}. Then essentially the same proof as given for Theorem 2.3 shows that the following two m-consistent systems T 1 , T 2 are realizable and can be used in place of S 1 , S 2 to prove Theorem 2.3. and let S = {S(V 1 ), . . . , S(V n )} be an arbitrary m-consistent system for {V 1 , . . . , V n }, say 
Let m be a positive integer, and let S = {S(V 1 ), . . . , S(V n )} be an arbitrary m-consistent
where
Proof. If m = 1, then s i = f i,j = e i,j = 1 for i = 1, . . . , n and j = 1, . . . , s i , by Definition 1.5.2, so S is realizable for {V 1 , . . . , V n }, by Theorem 2.1(i), and K i,j = K i for all i, j, so F is a realization of S = T * for {V 1 , . . . , V n }, so it may be assumed that m > 1. If s i = 1 for some i = 1, . . . , n, then S (resp., T * ) is a realizable m-consistent (resp., m 2 -consistent) system for {V 1 , . . . , V n }, by Theorem 2.1(i), so it may be assumed that s i > 1 for i = 1, . . . , n.
rings of L 1 that lie over V i . Then it follows from the prescription of T 1 that there are exactly s i such rings for i = 1, . . . , n − 1, but only one such ring for i = n. Also,
For T 2 we use the fields K i,j * in the statement of this theorem, so
It is readily checked that T 2 is an m-consistent system
L is a separable algebraic extension field of F of degree m 2 ), and for i = 1, . . . , n − 1 and j = 1, . . . , s i there exists a unique valuation ring (U i,j , P i,j ) of L that lies over W i,j (and
, while for i = n there are exactly s n valuation rings (U n,j , P n,j ) that lie over (W n,1 , N n,1 ), and for j = 1, . . . , s n ,
and N n,1 U n,j = P n,j e n,j , so N n U n,j = P n,j e n,j . Also, since U i,j /P i,j is a finite field for all i, j, it is a simple extension field of V i /N i (concerning this, see
Remark 2.8 The hypothesis in Theorem 2.7 that each 
Corollary 2.9 Let R be a Noetherian domain, let I be a nonzero proper ideal in R, let 
Proof. As in the proof of Corollary 2.5, this follows immediately from Theorem 2.7.
3 Radical-power ideals. 
If S is an m-consistent system for V, then by abuse of terminology we sometimes say that S is an m-consistent system for M I (E), and when N ∈ M I (E) we sometimes use
Remark 3.2 With the notation of (3.1), let S = {S(M 1 ), . . . , S(M n )} be a realizable m-
. . , n and j = 1, . . . , s i }.
2) E is a Dedekind domain that is a finite separable integral extension domain of D, 
e i e i,j . Since the ideals P i,j are the only prime ideals in E that lie over M i (for i = 1, . . . , n and j = 1, . . . , s i ) and since the P i,j are comaximal, it follows that IE = P 1,1 e 1 e 1,1 · · · P n,sn enen,s n .
Theorem 3.3 is the main result of this section; it shows that every ideal I as in Notation 3.1 extends to a radical-power ideal in some finite integral extension Dedekind domain.
This theorem is proved in [10, (2.11.1)] by composing n related consistent systems. We give this different proof here since it suggests the proof of the analogous "finite-residue-field degree" result given in Theorem 4.1.
Theorem 3.3
With the notation of (3.1) and (3.2) , assume that n > 1. Then the system
where, for 
Proof. If e h = 1 for some h = 1, . . . , n, then since
condition (1) of Definition 1.5 is satisfied, and it is readily checked that condition (2) of Definition 1.5 is satisfied with m = e 1 · · · e n , so S is an e 1 · · · e n -consistent system for M I (D).
Since the cardinality of S(M h ) is e h = 1, S is realizable for M I (D), by Theorem 2.1(i).
Hence the system S is a realizable e 1 · · · e n -consistent system for or the prescription given by S that, for i = 1, . . . , n, there exist exactly e i maximal ideals
) e i ], so IE = (Rad(IE)) e 1 ···en . Thus it may be assumed that e i > 1 for i = 1, . . . , n.
Then it follows as in the preceding paragraph that S 1 is a realizable e 1 · · · e n−1 -consistent system for M I (D). Let
, by (a) of Definition 1.6),
and let E 1 be the integral closure of D in L 1 , so E 1 is a Dedekind domain that is a finite separable integral extension domain of D. Also, for i = 1, . . . , n − 1 there exist exactly e i maximal ideals Q i,1 , . . . , Q i,e i in E 1 that lie over M i and, for j = 1, . . . ,
. Further, there is a unique maximal ideal Q n,1 in E 1 that lies over
It follows that there are exactly m ′ = e 1 + · · · + e n−1 + 1 ideals e 1 ) , . . . , S 2 (Q n−1,1 ) . . . , S 2 (Q n−1,e n−1 ), S 2 (Q n,1 )}, where
Then it follows as in the second preceding paragraph that S 2 is a realizable e n -consistent
, and let E be the integral closure of E 1 in L, so E is a Dedekind domain that is a finite separable integral extension domain of E 1 , so also of D.
Also, for i = 1, . . . , m ′ − 1 and j = 1, . . . , e i there exists exactly one ideal
from the preceding paragraph that there exist exactly e i maximal ideals N i,1 , . . . , N i,e i in E that lie over M i and, for i = 1, . . . , n − 1 and
). And there exist exactly e n ideals N n,1 , . . . , N n,en in M I (E) that lie over Q n,1 and, for j = 1, . . . , e n , E/N n,j ∼ = E 1 /Q n,1 and Q n,1 E N n,j = N n,j E N n,j , so Q n,1 E = Π en j=1 N n,j (so it follows from the preceding paragraph that there exist exactly e n maximal ideals N n,1 , . . . , N n,en in E that lie over M n and, for j = 1, . . . , e n ,
). It follows that L is a realization of the e 1 · · · e n -consistent system S for M I (D), (with S as in the statement of this theorem), so S is a realizable e 1 · · · e n -consistent system for M I (D).
. . , n and j = 1, . . . , e i ,, by the preceding paragraph, and, since
follows that IE = (Rad(IE)) e 1 ···en . Proof. For (3.4.2), the proof is the same as the proof of Theorem 3.3 by composing the following two realizable consistent systems S 1 * , S 2 * . Here,
, and for i = 1, . . . , n let Q i,1 , . . . , Q i,e i be the maximal ideals in E 1 that lie over M i . Let
. . , n − 1 and j = 1, . . . , e i , and S 2 * (Q n,1 ) = {(K n,j , 1, 1) | j = 1, . . . , e n }, so S 2 * is a realizable e n -consistent system for M I (E 1 ).
The following corollary is essentially given in [10, (2.10)], except for the exponent e 1 · · · e n that occurs here by using Theorem 3.3. Proof. If n = 1, then I = M 1 e 1 = (Rad(I)) e 1 , so the conclusion holds with E = D and m = e 1 . If n > 1, then the conclusion follows immediately from Theorem 3.3, since I = 
Remark 3.7
With the notation of (3.1) and (3.2), assume 2 that, for i = 1, . . . , n, there exists a simple algebraic extension field and the e i,j as variables subject to the constraint s i j=1 e i,j f i,j = m for each i, then S gives a map N + n → N + t (where t = n i=1 s i ) defined by (e 1 , . . . , e n ) → (e 1 e 1,1 , . . . , e 1 e 1,s 1 , . . . , e n e n,1 , . . . , e n e n,sn ).
If we are only interested in the projective equivalence class of IE, it seems appropriate to consider the induced map given by S :
. . , a t ) = (cb 1 , . . . , cb t ) for some c ∈ Q. In this case, Theorem 2.3 shows that the equations s i j=1 e i,j f i,j = m are the only restrictions on the image of this map into P t (N + ). From this point of view, if we want an equation IE = (Rad(IE)) k for some finite separable integral extension Dedekind domain E of D and for some positive integer k, then it is not necessary to compose two realizable consistent systems, as in the proof of Theorem 3.3. Indeed, it suffices to observe that we have an m-consistent system S = {S(M 1 ), . . . , S(M n )}, where m = e 1 · · · e n and S(M i ) = {(K i,j , 1, To extend Theorem 3.3 to ideals in Noetherian domains of altitude one, we use the following result from [10] . 
there exists a finite integral extension domain A of R with quotient field L and distinct maximal ideals P 1 , . . . , P n of A such that, for i = 1, . . . , n:
The following corollary is the same as [10, (2.8.2)], except for the explicit exponent e 1 · · · e n given here. Proof. If n = 1, then IR ′ = (Rad(IR ′ )) e 1 and R ′ is a Dedekind domain, so the conclusion follows from Proposition 3.9. 
Proof. The proof is similar to the proof of [10, (2.11.1)]. There exists a chain of rings
where each E h (h = 1, . . . , k) is the integral closure of E h−1 in a realization L h of a realizable p h m h -consistent system S h for M I (E h−1 ). To describe the consistent systems used to obtain these rings E h we first need the factorizations of each e i . So, for i = 1, . . . , n
With this notation, it will now be shown that, for h = 1, . . . , k, E h has, for i = 1, . . . , n, exactly
. . , P i,t h,i that lie over M i and, for j = 1, . . . , t h,i ,
For the first step, let e i = p 1 c i,
may be assumed that c 1,1 ≥ c 2,1 ≥ · · · ≥ c n,1 (so c 1,1 = m 1 and c n,1 = 0 (by the hypothesis that no prime divides all e i )), and let
, and since c n,1 = 0, it is realizable for M I (D). Let E 1 be the integral clo-
. . , p k as its prime integer factors.
Assume that h > 1 and that E h−1 has been constructed to have the properties in the second preceding paragraph, so, in particular, for i = 1, . . . , n, M I (E h−1 ) has exactly t h−1,i maximal ideals P i,1 , . . . , P i,t h−1,i that lie over M i and, for j = 1, . . . ,
To get E h from E h−1 , let S h = {S h (P 1,1 ), . . . , S h (P n,t h−1,n )}, where
Then it is readily checked that S h is a p h m h -consistent system for M I (E h−1 ), and it is realizable for M I (E h−1 ), by Theorem 2.1(i). It then follows from the prescription of S h that
has the properties of E h in the third preceding paragraph.
It therefore follows that [L :
where L (resp. F ) is the quotient field of E = E k (resp., D = E (0) ) and that E is a realization of the system S for M I (D)
(with S as in the statement of this theorem), so S is a realizable d-consistent system for M I (D). Finally, it follows from (**), applied in each of the k steps, that IE = (Rad(IE)) d .
Remark 3.12
Concerning the hypothesis in Proposition 3.11 that no prime integer divides all e i , if, on the contrary, π is a prime integer that divides each e i , then let c be the greatest common divisor of e 1 , . . . , e n . For i = 1, . . . , n define k i by e i = ck i , and let I 0
i = I and no prime integer divides all k i . Therefore, if the ring E of Theorem 3.3 is constructed for I 0 in place of I, then I 0 E = (Rad(I 0 E)) d , where d is the least common multiple of k 1 , . . . , k n , so IE = (Rad(IE)) dc . Theorem 3.3 shows that there exist finite separable integral extension domains E of D such that IE is a radical-power ideal. Proposition 3.13 characterizes the conditions a realizable m-consistent system S ′ for M I (D) must satisfy in order that IE = J t for some radical ideal J in E and for some positive integer t. Proof. For (3.13.1), it is clear that if IE = J t for some radical ideal J in E, then J = Rad(IE). Therefore let J = Rad(IE) = P 1 · · · P k , for distinct prime ideals P 1 , . . . , P k of E.
Then by Remark 3.2, IE
e i e i,1 · · · P i,s i e i e i,s i ). Thus by uniqueness of primary decompositions in a Dedekind domain, it follows that J t = IE if and only if t = e i e i,j for each i and j, hence (3.13.1) holds.
For (3.13.2), by (2) in the definition of a consistent system we have m = for e i,j and multiplying by e i we get me i = t s i j=1 f i,j for each i. Since no prime divides each e i , we get m = tm ′ for some m ′ ∈ N + . Therefore, since t = e i e i,j for all i, j, t and m are positive multiples of each e i .
Finite-residue-field degree analogs.
Under the assumption that each of the residue fields D/M i is finite, the results in this section are "finite-residue-field degree" analogs of the results in Section 3. Theorem 4.1 is the main result in this section; it is a finite-residue-field degree analog of Theorem 3.3.
Theorem 4.1 With the notation of (3.1) and (3.2), assume that n > 1 and that each
, where F ) is the quotient field of E (resp., D)) and, for i = 1, . . . , n, there exist exactly f i maximal ideals N i,1 , . . . , N i,f i in E that lie over M i and, for
Proof. The proof is similar to the proof of Theorem 3.3. Specifically, if f h = 1 for some h = 1, . . . , n, then T (M h ) has s h = f h = 1, so the system T is a realizable f 1 · · · f nconsistent system for M I (D), by Theorem 2.1(i), and the integral closure E of D in a realization L of T for M I (D) has the desired properties, so it may be assumed that f i > 1 for all i. Then the desired ring E is obtained by composing the following two systems T 1 (to get the Dedekind domain E 1 from D) and T 2 (to get the Dedekind domain
, where
.) It follows that T 2 is a f n -consistent system for M I (E 1 ), and it is realizable for M I (E 1 ), by Theorem 2.1(i). Let E be the integral closure of E 1 in a realization of T 2 for M I (E 1 ). Then the E/N n,j are E 1 /Q n,1 -isomorphic to K n,j and E 1 /Q n,1 ⊇ K n , so the E/N n,j are K n -isomorphic to K n,j = K n,1 = K n ′ . Also, by construction, for i = 1, . . . , n − 1 and j = 1, . . . , f i , E/N i,j is E 1 /Q i,j -isomorphic to
Further, the K i,j are finite and contain K i , so they are simple extensions of K i . Therefore it follows as in the third paragraph of the proof of Theorem 3.3 that a realization L of T 2 for M I (E 1 ) is, in fact, a realization of T for M I (D) (with T as in the statement of this theorem), so T is a a
Finally, it follows from the prescription given by T that, for i = 1, . . . , n and j = 1, . . . , f i , 
Proof. For (4.2.2), the proof is the same as the proof of Theorem 3.3 by composing the following two realizable consistent systems T 1 * , T 2 * . Here,
, and for i = 1, . . . , n let Q i,1 , . . . , Q i,f i be the maximal ideals in E 1 that lie over M i .
Let T 2 * = {T 2 * (Q 1,1 ) , . . . , T 2 * (Q n−1,f n−1 ), T 2 * (Q n,1 )} with T 2 * (Q i,j ) = {(K i,j , f n , 1)} for i = 1, . . . , n − 1 and j = 1, . . . , f i , and T 2 * (Q n,1 ) = {(K n,j , 1, 1) | j = 1, . . . , f n }, so T 2 * is a realizable f n -consistent system for M I (E 1 ). 
Proof. This follows immediately from Theorem 4.1. 
If we consider the s i , K i,j , and e i,j as fixed in the m-consistent system for M I (D) and the f i,j as variables subject to the constraint
and Theorem 2.7 shows that the equations 
. Also, A may be chosen so that, with A ′ the integral closure of A in
Proof. Since R ′ is a Dedekind domain and [(R ′ /M i ) :
. . , n, it follows from Theorem 4.1 that there exists a Dedekind domain E that is a finite separable integral
and, for i = 1, . . . , n, there exist exactly f i g i maximal ideals N i,1 , . . . , N i,f i g i in E that lie over M i and, for j = 1, . . . , f i g i , for f i,j and multiplying by f i we get mf i = t s i j=1 e i,j for each i. Since no prime integer divides each f i , we get m = tm ′ for some m ′ ∈ N + . Therefore, since t = f i f i,j for all i, j, t and m are positive multiples of each f i .
5 Finite residue fields and radical-power ideals.
Theorem 5.1 is the main result in this section; it combines the main theorems of the preceding two sections. 
where 
for all i, j (where H i,j,k is one of the e i f i ideals K i,j in the set U (M i ). Then T * is a re-
so L is a separable algebraic extension field of F of degree e 1 · · · e n f 1 · · · f n ), and let E be the integral closure of E 1 in L. Thus by Theorem 4.1, for i = 1, . . . , n and j = 1, . . . e n there exist exactly f i maximal ideals N i,j,1 , . . . , N i,j,f i in E that lie over Q i,j (so be resubscripting there are exactly e i f i maximal ideals N i,1 , . . . , N i,e i f i in E that lie over M i ), IE 1 = (N 1,1 · · · N n,enfn ) e 1 ···en * , and it is readily checked that E/N i,j is K i -isomorphic to K i,j .
Therefore E is a Dedekind domain that has exactly e i f i maximal ideals that lie over M i (for i = 1, . . . , n) and that have the ramification and residue field extension properties that are specified by U (with U as in the statement of this theorem). Therefore L is a realization of U for M I (D), so U is a realizable e 1 · · · e n f 1 · · · f n -consistent system for M I (D) and E is the integral closure of D in L and has the properties prescribed by U . 
